Abstract. We prove uniform Sobolev estimates ||u|| L p ′ ≤ C||(∆ − α)u||Lp for α ∈ C and p = 2n/(n + 2), p ′ = 2n/(n − 2) on non-trapping asymptotically conic manifolds of dimension n, generalizing to non-constant coefficient Laplacians a result of Kenig-Ruiz-Sogge [12] .
Introduction
In this paper, we consider a class of complete non-compact Riemannian manifolds of dimension n, which generalize the Euclidean structure near infinity in a natural way. These are asymptotically conic manifolds, defined as follows: (M, g) is asymptotically conic if M is the interior of a smooth compact manifold with boundary M , g is a smooth metric on M such that there exists a smooth boundary defining function x on M with (M, g) isometric outside a compact set to (1) (0, ǫ) x × ∂M , with metric g = dx 2 x 4 + h x x 2 where h x is a smooth one-parameter family of metrics on ∂M . Euclidean space R n fits into this framework, with ∂M = S n−1 , x = 1/|z| where z ∈ R n , and h x the standard metric on S n−1 . More generally, if h x is independent of x for small x, the metric is of the form dr 2 + r 2 h in terms of r = 1/x for large r, hence conic near infinity.
The Laplacian ∆ associated to g has only continuous spectrum given by the half-line [0, ∞). Let dE √ ∆ (λ) be the spectral measure of √ ∆, defined by F ( √ ∆) = ∞ 0 F (λ)dE √ ∆ (λ) for all bounded functions F . In [9] , the authors with Adam Sikora proved that, when n ≥ 3, the spectral measure dE √ ∆ (λ) maps L q (M ) to L q ′ (M ) boundedly for all q in the range [1, 2(n+1)/(n+3)], generalizing the Tomas-Stein restriction estimate to this class of manifolds. When in addition (M, g) is non-trapping, meaning that every geodesic on M reaches spatial infinity in forward and backward time, then the following estimate was also shown in [9] : (2) dE √ ∆ (λ) L q (M )→L q ′ (M ) ≤ Cλ n(1/q−1/q ′ )−1 , for all λ > 0 with a constant C independent of λ. In general if (M, g) is trapping, the estimate still holds for 0 < λ < λ 0 with a constant C depending on λ 0 . Resolvent estimates between L q spaces are also of interest for a number of reasons. The most classical is the Hardy-Littlewood-Sobolev inequality in R n , a special case of which is
This was generalized in the following way by Kenig-Ruiz-Sogge [12] : suppose that L is any constant coefficient first order differential operator on R n . Then for the 'Sobolev exponents' p = 2n/(n + 2), p ′ = 2n/(n − 2), there is an inequality
with a constant C independent of L. (In fact, they were able to obtain such a uniform estimate even when ∆ was replaced by a homogeneous second order constant coefficient differential operator, not necessarily elliptic but with non-degenerate leading symbol.) In particular, when L is a constant −α ∈ C, they showed
, for all u ∈ W 2,p (M ). Inequality (3) was then used to deduce Carleman inequalities, and then unique continuation theorems, on R n . Given (2) and (4), and noting that p = 2n/(n + 2) is within the range of validity of (2) , it is natural to predict that similar uniform estimates hold on asymptotically conic non-trapping manifolds. Indeed, this is the case. Our main result is Theorem 1.1. Let (M, g) be an asymptotically conic non-trapping manifold of dimension n ≥ 3. Let p = 2n/(n + 2) and p ′ = 2n/(n − 2). Then there is a constant C > 0 such that for all α ∈ C, we have
Equivalently, for all f ∈ L p (M ) and all α ∈ C,
When α > 0, the operator in (6) may be taken to be either the incoming or outgoing resolvents, (∆ − (α ± i0)) −1 . If the metric is trapping, the same estimate holds true for all α such that Re α ≤ A for any A > 0, with C depending only on A.
Remark 1.2. In fact we prove a more general result in the non-trapping case (see remarks 4.2, 6.3 and 6.10): for all q ∈ [ 2n n+2 ,
2(n+1)
n+3 ], there is C > 0 such that for all α ∈ C and all f ∈ L q (M ) (7) (
If η > 0 is small, the same estimate holds true for all q ∈ [ 2n n+2 , 2] and | arg(α)| > η > 0, with C depending only on η: see (17) . Remark 1.3. It is not completely obvious that (5) and (6) are equivalent. To see that they are, first consider the case Im α = 0 or Re α < 0. Then (∆ − α) −1 is a pseudodifferential operator of order −2 (more precisely in the scattering calculus [14] ). Therefore ∇∇(∆ − α) −1 is a pseudodifferential operator of order 0, and hence bounded on L p (M ), 1 < p < ∞. Hence (∆ − α) −1 is an isomorphism between L p (M ) and W 2,p (M ), and using this we easily see that (5) and (6) are equivalent and W 2,p (M ) ⊂ L p ′ (M ). In the case that α > 0, we show that (6) implies (5) . Let u ∈ C ∞ c (M ) ⊂ W 2,p (M ) and f = (∆ − α)u. Then, by (6) , one has for all α > 0, ǫ > 0, (8) (
Therefore there is a sequence of ǫ tending to zero such that (∆ − (α+ iǫ)) −1 f has a weak limit. By definition, (∆−(α+i0)) −1 f is the distributional limit of (∆−(α+iǫ)) −1 f as ǫ tends to zero. But (∆ − (α + iǫ)) −1 f = u + iǫ(∆ − (α + iǫ)) −1 u and u ∈ x 1/2+ǫ L 2 (M ), hence by the limiting absorption principle [14] , lim ǫ→0 (∆ − (α + iǫ)) −1 u exists and thus (∆ − (α + i0)) −1 f = u. By (8) , this limit lies in L p ′ and satisfies
.
A density argument then shows this for all u ∈ W 2,p (M ). The converse implication is obtained through similar reasoning.
Remark 1.4. The example in Remark 8.8 of [9] (the connected sum of R n and a round sphere) shows that, in the absence of any nontrapping assumption, the L p → L p ′ norm of the resolvent (∆ − α ± i0) −1 may grow exponentially as α → ∞.
1.1.
Outline of the proof and previous results. We prove Theorem 1.1 in two steps, first in the region {Re(α) ≤ 0 or | arg α| < η} for any η > 0 and then in {| arg α| < η}.
The estimate in the first region is a consequence of ellipticity and the Sobolev estimate ||∆u|| L p ≥ C||u|| L p ′ , which follows for instance from Gaussian estimates on the heat kernel e −t∆ (z, z ′ ) and (2) for λ near 0 (an alternative approach is to use the inverse ∆ −1 of ∆ constructed in [7] -see Remark 2.2). We do this in Sections 2 and 3. We also show that (2) implies a uniform estimate on the difference (∆ − α) −1 − (∆ − α) −1 between the resolvent and its formal adjoint, for all α ∈ C \ R.
To prove the estimate within the sector | arg α| < η, i.e. close to the spectrum, we need more detailed properties of the spectral measure. Using complex interpolation, we show that if we had pointwise estimates of the form
where d(z, z ′ ) is the Riemannian distance between z, z ′ ∈ M , then (6) would be a consequence. However, these estimates, which hold for the Euclidean Laplacian, do not hold in general for asymptotically conic non-trapping manifolds, essentially because there can be conjugate points for the geodesic flow. As in [9] , the way we bypass this problem is through a microlocal partition of the identity, Id =
, where Q i (α) are pseudodifferential operators depending on α. If i, j are such that the microsupports (which will be also called wavefront sets) of Q i (α) and Q j (α) are chosen appropriately, we have from [9] that there is C > 0 such that for λ/α ∈ [1 − δ, 1 + δ]
The condition on i, j is essentially that the microsupports of Q i and Q j are sufficiently close in phase space (in a sense that will be explained later). This allows us to prove 'near-diagonal' estimates on the resolvent, that is, for Q i (α)(∆ − (λ ± iγ) 2 ) −1 Q j (α) when i, j are as above. It remains to discuss the 'off-diagonal' estimates, that is, for
have separated microsupports. Our proof of these estimates uses properties of the resolvent proved in [11, 8] , namely that it is the sum of a pseudodifferential operator and a 'Legendre distribution'. The Legendre part is oscillatory at the boundary and can be understood as a sort of Fourier Integral operator, and has a well-defined microlocal support, analogous to the canonical relation of an FIO; for the outgoing/incoming resolvent, this microlocal support is essentially the forward/backward geodesic flow relation on the cotangent bundle of M × M . Because of this oscillatory structure, we can understand the composition
Our strategy is then to choose the partition Q i so that, either the microsupports of Q i and Q j are very close, in which case we are effectively in the 'on-diagonal' case, where (9) holds, or Q i has the property of either being 'not outgoing-related' or 'not incoming-related' to Q j in the sense explained in section 5.1. Heuristically 'not outgoing-related' means that there is no point in the microsupport of Q i that is obtained from the microsupport of Q j by forward geodesic flow. We give a construction of such a partition in Section 5.2. We show from this that the outgoing resolvent, R(λ + iγ) for γ > 0, is essentially trivial when sandwiched between Q i and Q j if Q i is not outgoing-related to Q j . If Q i is not incoming-related to Q j then the same is true for the incoming resolvent (that is, the case γ < 0). Thus, for each pair (Q i , Q j ), we get off-diagonal estimates for at least one of the incoming or outgoing resolvents. Since we already observed that we have an L p → L p ′ estimate for the difference of the resolvents, this completes the proof.
In Appendix A, we also give a second, alternative proof of the off-diagonal resolvent estimates based on positive commutator, which does not rely on the Legendre structure of the resolvent. Since we think this could useful in other situations, the positive commutator proof provides some statement similar to propagation of singularities (ie. semiclassical wave-front set, including wave-front set 'at infinity') for the incoming and outgoing resolvents, and we wrote it without assuming non-trapping geometry but rather certain assumptions like polynomial resolvent estimates on the spectrum, see Lemma A.3.
The first uniform Sobolev estimate of this type (5) appeared in the work of Kenig-RuizSogge [12] for homogeneous second order operators on R n , and it was used to prove L p Carleman estimates and unique continuation. Shen [17] proved that for the torus T n = R n /Z n , (10)
where C depends only on δ > 0. This estimate was generalized by Dos Santos Ferreira-KenigSalo [5] to compact manifolds of dimension n ≥ 3 and very recently, Bourgain-Shao-Sogge-Yao [1] proved that this estimate is sharp in general on compact manifolds since for the sphere S n (or Zoll manifolds), the regions where the estimate (10) can not be made smaller. They also show in this paper some equivalence between L p → L p ′ norms of spectral projectors of ∆ in frquency
To compare these compact results with our case, we point out two main differences: first the non-trapping condition which allows us to get estimates down to the spectrum, like in R n , but brings technical difficulties coming from the complicated structure of the resolvent near spatial infinity on asymptotically conic manifolds. The second difference with the compact setting is that we deal with the behaviour at small frequencies, where we need to use the result of [8] microlocally analyzing the resolvent and spectral measure on the spectrum on the frequency window [0, λ 0 ].
2.1. Sobolev estimate for ∆. We first recall the restriction estimate of [9] : let (M, g) be an asymptotically conic manifold in dimension n ≥ 3, let 1 ≤ q ≤ 2 n+1 n+3 and q ′ its conjugate exponent, then for all λ 0 > 0, there exists C > 0 such that for all λ 0 > λ > 0
Proposition 2.1. Let (M, g) be an asymptotically conic manifold of dimension n ≥ 3. We then have the classical Sobolev inequality: there exists C > 0 such that for all u ∈ C ∞ c (M )
Proof. Varopoulos [19] proves that on any Riemannian manifold (M, g), a bound of the form ||e −t∆ || L 1 →L ∞ ≤ Ct −n/2 for all t > 0 implies the Sobolev estimate (12) . This heat operator estimate is proved for t ∈ (0, 1) on any complete Riemannian manifold by Cheng-Li-Yau [2] , it remains to prove it for large time. First, we write
and use (11) with p = 1 to get directly
By the estimate of [2] , we know that for any 0 < ǫ < 1/4, e −ǫ∆ is bounded as a map
, thus we directly obtain for t ≥ 1 Proof. Let α satisfy Re α ≤ 0 and let u ∈ C ∞ 0 (M ) be not identically zero. Then by (12) , there exists C > 0 independent of u such that
which achieves the proof.
Remark 2.2. We could alternatively use results of [7] at zero energy, which shows that the Green function ∆ −1 g (z, z ′ ) is bounded by a constant times d(z, z ′ ) −(n−2) . We can then use an abstract Hardy-Littlewood-Sobolev inequality from [6] , valid on metric measure spaces such that the measure of a ball of radius ρ is comparable to ρ n , that states that the kernel d(z, z ′ ) −(n−2) maps L q to L r provided 1/q = 1/r + 2/n, 1 < q < r < ∞.
3.
Estimates when Re α > 0 and | arg α| ≥ η > 0
We now turn to the more interesting case when Re α ≥ 0. We shall prove, in this section, some estimates outside conic neighbourhood of the positive real axis. Below, φ(t) is a smooth function vanishing except on the interval [1 − δ, 1 + δ] and equal to 1 on the interval [1 − δ/2, 1 + δ/2]. Also, we write α = β + iγ, β, γ ∈ R for the real and imaginary parts of α.
Proposition 3.1. Let α = β + iγ with β > 0 and | arg α| ≥ η > 0. Then there is a constant C depending only on η such that
Moreover, for φ as above, there exists C > 0 such that for all Re α > 0,
Proof. From (12) and duality, we know that (∆ + β)
bound for the operator in the right hand side is
which is bounded by C/η for some C > 0. To prove (15), we use the same argument as above to bound
Since η > 0 can be taken as small as we like in the proof above, it remains to consider the case where α = β(1 ± iǫ) for all sufficiently small ǫ ≥ 0. We then take |ǫ| sufficiently small relative to δ, and then using the property that φ = 1 on [1 − δ/2, 1 + δ/2], we see that
This achieves the proof.
Remark 3.1. Using interpolation between (14) (or (15) ) and the L 2 → L 2 norm of (∆ − α) −1 , we have for each η > 0 that there is C > 0 such that for all q ∈ [ 
We next prove that if we look at the difference between the resolvents (∆ − α) −1 and (∆ − α) −1 , this is uniformly bounded L p → L p ′ as we approach the real axis. 
Proof. In view of (15) , it only remains to check that this is true when ∆/|α| is spectrally localized near 1. Writing α = β + iγ as above, we can estimate using (2)
and it is easy to check that |α|
times this integral depends only on γ/β and is uniformly bounded as γ/β → 0. We can then use (17) to conclude.
In particular if q = 2n/(n + 2) is the Sobolev exponent, then n( (18) is uniformly bounded in α.
Localized uniform estimates near the spectrum
Our aim to complete the proof of Theorem 1.1 is to obtain a uniform estimate (20) ||φ
when | arg α| is small and φ ∈ C ∞ 0 (R) is a function as in Proposition 3.1. We are not able to prove this directly, but rather we will later introduce a operator partition of unity, Id = i Q i (α), depending on |α| and prove localized estimates
For that purpose, we start with an abstract result: Assuming that Q(α), Q ′ (α) are bounded operators on L 2 such that pointwise bounds of the type (9) are valid for Q(α)dE √ ∆ (λ)Q ′ (α), we show in the following Lemma a uniform estimate for the localized resolvent
This will be used with Q(α), Q ′ (α) elements of a well chosen operator partition of unity constructed in Section 5.
Lemma 4.1. Let δ, η > 0 be small, let α ∈ C * and φ ∈ C ∞ 0 (R) as in Proposition 3.1. Assume that there exist L 2 bounded operators Q(α), Q ′ (α) and C > 0 such that
Proof. Let us prove the result for the case arg(α) < 0; the other case is similar. We shall prove this by complex interpolation. Let us consider the analytic family of operators
s and the logarithm is defined with a cut at R − . Since the operator we are interested in is H −1,α ( ∆/|α|) and since by the spectral theorem
it suffices to prove that
and the result follows by complex interpolation for the family of operators H s,α ( ∆/|α|). Let us first assume that n is odd. Then we write
where L(t) is a polynomial such that |L(t)| > C > 0 for all t ∈ R. We compose with Q(α) on the left and Q ′ (α) on the right and integrate by parts by using the vanishing order at λ = 0 in (21), this yields
Using the estimate (21) with j ≤ n−1 2 , we deduce the bound
and therefore
We now want to deal with the case n even. Let us write, using integration by parts (n/2 times) as before,
for some polynomial L(t) such that |L(t)| > C > 0 for all t ∈ R. We multiply this by Q(α) on the left and Q ′ (α) on the right and use (21) to obtain the pointwise estimate
Similarly, we have by integration by parts (n/2 − 1 times)
for some polynomial L(t) as before, and using (21) we get
, we can use Phragmen-Lindelof and (23), (24) to deduce that
This ends the proof.
The same type of proof shows that in fact, or all q ∈ [ 2n n+2 ,
2(n+1)
n+3 ] and
under assumption (21) for j ≤ (n + 1)/2. Let us give a brief argument, which is due to Adam Sikora whom we gratefully acknowledge. We want to interpolate the norms of the operator
Then the following estimate holds for all a < b < c < 0 and b = θa + (1 − θ)c: there is C > 0 such that for all f ∈ C ∞ 0 (R) and t ∈ R,
The proof is an exercise, and is very similar to the proof of Lemma 3.3 in [9] . To get estimate on the L ∞ norm of the Schwartz kernel of H s,α ( ∆/α) on the line Re(s) = − n+1 2 , we write as kernels
where the pairing is the distribution pairing in λ. If n is odd, we set a = − 
Using the complex interpolation Lemma in [18, p 385] , this gives (25) for q =
n+3 and the other q are obtained by interpolating with q = p. In even dimension, the similar argument works with a = − 5. Microlocal partition of unity 5.1. Pseudodifferential calculus. We start with some preliminaries on pseudo-differential operators in our setting. The natural class of pseudo-differential operators for this geometry is the scattering calculus introduced by Melrose [14] . The semi-classical version (high-frequency) is defined in Vasy-Zworski [20] and in details in Appendix A in Wunsch-Zworski [21] . We will give a brief review of this calculus and refer the reader to these articles, for further details (see also[3, Sec. 2] for wave-front sets discussions). The Euclidean version of the semiclassical calculus can be found for instance in the book of Zworski [22] .
Phase space. Recall that g is an asymptotically conic metric on M . In the case that it is exactly conic near infinity, it takes the form dx 2 /x 4 + h/x 2 when x is small, or equivalently dr 2 + r 2 h when r = 1/x is large, with h independent of x. A frame of uniformly bounded vector fields (with respect to g) is given by x 2 ∂ x and x∂ y i for small x; dually, a uniformly bounded coframe is given by dx/x 2 and dy i /x. These scalings motivate the introduction of the scattering cotangent bundle as the natural phase space for dynamics (such as geodesic flow) on (M, g). The scattering cotangent bundle sc T * M is a smooth bundle over M defined as follows : let ǫ > 0 be small, then over {x ≥ ǫ}, sc T * M is simply T * M | x≥ǫ , and over {x ≤ 2ǫ} its smooth sections are given by linear combinations over C ∞ (M ) of dr = −dx/x 2 and ω/x where ω are 1-forms smooth up to ∂M . In local coordinates (x, y 1 , . . . , y n−1 ) near the boundary (where y i are local coordinates on ∂M ), the bundle sc T * M is locally spanned by dx
Locally near a point of ∂M , we use the coordinates for a point ξ
Thus (ν, µ) form linear coordinates on each fibre of sc T * M near the boundary. For example, if M = R n , with Euclidean coordinate z, then (ν, µ) are the radial and angular components of the cotangent variable ζ dual to z. The geodesic flow for the metric g acts on sc T * M and preserve the energy levels |ξ| g = const. We shall use the notation g t for the geodesic flow at time t.
Symbols. Let h 0 > 0 and h ∈ (0, h 0 ] the semi-classical parameter. A (semi-classical) symbol a on R n in the class S m,ℓ,k (R n ) with (m, l, k) ∈ R 3 is defined to be a smooth function on [0, h 0 ) h × R 2n satisfying: for all α, β multi-indices, there exists C α,β such that for all h, z, ζ
where S n + is the radial smooth compactification of R n and x = 1/|z|, κ = 1/|ζ|. Similarly one can fiber radially compactify the cotangent space sc T * M into sc T * M and a classical symbol in
where κ is a boundary defining function of the fiber infinity. One can also define S m,ℓ,k (M ) by reducing to the R n case. Consider an neighbourhood of a point y 0 ∈ ∂M of the form {(x, y) ∈ M | x < ǫ, y ∈ U } where U is a neighbourhood of y 0 in ∂M . Choosing a diffeomorphism ω from U to an open subset U ′ in S n−1 , we map (x, y) to ω(y)/x ∈ R n using the standard embedding of S n−1 in R n . We call this a 'conic type' chart. Such charts induce a smooth map between the associated scattering cotangent bundles, allowing one to define classical symbols in S m,ℓ,k (M ) as those that can be pulled back from S m,ℓ,k (R n ) via such conic-type charts.
We shall only consider classical symbols in what follows and, by abuse of notation, we denote by S m,ℓ,k (M ) the class of classical symbols of order (m, ℓ, k) on M . There is a principal symbol map σ : S m,ℓ,k (M ) → S m,ℓ,k (M )/S m−1,ℓ+1,k−1 (M ) which assigns the leading term in the asymptotic expansion as hκx → 0, ie. at the boundary of [0, 1) × sc T * M .
Quantization. LetĊ ∞ (M ) be the space of smooth functions on M vanishing to infinite order at ∂M = {x = 0}, and C −∞ (M ) its dual. We say that an operator A :
, as a finite sum of operators A j with Schwartz kernels supported in U j × U j in the Euclidean charts U j with coordinates z (of conic type near infinity and relatively compact otherwise) and of the form
for u supported in the chart and a j ∈ S m,ℓ,k (R n ). There is a well defined principal sym-
; this can be done by choosing a set of coordinates, two associated partitions of unity j ϕ j = 1 = j ψ j with ψ j ϕ j = ϕ j , and then set Op h (a) = j ψ j A j ϕ j where we use the formula above for A j with a j the pullback of a in the chart. The space Ψ * , * , * (M ) forms an algebra and
where {a, b} is the Poisson bracket.
Wave-front sets. The wave front set WF
that in a neighborhood of ξ, a vanishes to all orders at all boundary faces of [0,
In other words, ∂ α a = O(h N x N κ N ) for all N ∈ N and all multi-indices α near ξ (here κ is a defining function for the fiber boundary, in Euclidean local coordinates (z, ζ) we can take κ = 1/|ζ|). This notion of WF ′ is globally well defined and
We define its wave-front set to be the complement of the set of points
In particular, we have
Geodesic flow near infinity. We let p be the Hamiltonian on sc T * M defined by p(m, ξ) = g m (ξ, ξ). If the metric g is written near ∂M under the form g = dx 2 /x 4 + h x /x 2 where h x is a smooth family of metric on ∂M for x ∈ [0, ǫ), then the principal symbol of ∆ g near ∂M is p(x, y; ξ) = |ξ|
and the Hamiltonian vector field associated to p is (see [20] )
is the Hamiltonian vector field of |µ| 2 hx on ∂M . Near x = 0, the equation for the geodesic flow is given by (dot denotes time derivative)
We denote the Hamiltonian flow at time t by g t . As described in [14, 15] , the Hamiltonian H p can be written near ∂M as H p = xĤ p + x 2 V with V smooth on sc T * M and tangent to its boundary, and
This last vector field is tangent to {x = 0, p = 1} ∩ sc T * M and vanishes there at µ = 0 only. Moreover one hasν(t) > 0 along its integral curve as long as |ν(t)| < 1.
Outgoing/incoming relations. Let Q, Q ′ ∈ Ψ −∞,0,0 (M ) be two pseudodifferential operators. We say that Q is not outgoing-related to Q ′ if the forward flowout from WF ′ (Q ′ ) by the geodesic flow does not meet WF
M , the action of the flow g t on ξ is defined to be the flow at time t for the vector fieldĤ p acting on sc T * ∂M M . Similarly we say that Q is not incoming-related to Q ′ if the backward flowout from WF ′ (Q ′ ) by the geodesic flow does not meet WF ′ (Q), or equivalently if Q ′ is not outgoing-related to Q.
5.2.
The microlocal partition of unity. Let α = β + iγ with β > β 0 for some fixed β 0 and let h = 1/ |α| be our semi-classical parameter. We will construct an operator partition of unity (J ∈ N is independent of h)
for which there is a dichotomy: either Q i (h) and Q j (h) have close support and such that (9) holds, or they are such that Q i (h) is either not outgoing-related or not incoming-related to Q j (h). In Proposition 6.7, we will show that Q i (h)(h 2 ∆ − (β ± iγ)) −1 Q j (h) (+ for not outgoing-related, − for not incoming-related) is a trivial operator for |γ| ≤ η and |β − 1| ≤ δ.
Partition in phase space. We first need the following 
If N is large enough and δ, ǫ > 0 are small enough, then 1) when dist(B i , B j ) > 0 we have
Proof. We start with a couple of facts about the flow near ∂M . First, from (29), there exists ǫ > 0 small so that as long as x(t) ≤ 2ǫ, one has
Second, suppose that x(0) = ǫ and −δ ≤ ν(0) ≤ 0 for some 0 < δ < 1/8. As above, x(t) ≤ ǫ for all negative t. Now we show that x(t) will be no larger than 3ǫ/2 for all positive t, provided that ǫ is sufficiently small (depending only on (M, g)). To see this, let t 0 > 0 be the time defined by 0 = ν(t 0 ) ≥ ν(t) for all t ∈ (0, t 0 ); such a time exists by the non-trapping assumption which means that ν(t) → 1 as t → ∞. For t ∈ [0, t 0 ] one has |µ(t)| 2 ≥ 1 − δ. Also, on the interval [0, t 0 ], x is nondecreasing, so x(t) ≥ ǫ for t ∈ [0, t 0 ], while on the other hand |ẋ/x 2 | = |d/dt(x −1 )| ≤ 2, implying that x(t) ≤ 2ǫ for t ≤ 1/4ǫ. Now using the equation forν we see that, for sufficiently small ǫ,ν(t) ≥ 2ǫ(1 − δ − Cǫ) > ǫ for 0 < t < min(1/4ǫ, t 0 ). For δ < 1/8 this means that ν becomes nonnegative within time δ/ǫ < 1/8ǫ, i.e. t 0 < δ/ǫ. This implies that x(t 0 ) < 3ǫ/2 for δ < 1/8. Now we have x(t 0 ) < 3ǫ/2 and ν(t 0 ) = 0 we see from the paragraph above that x(t) < 3ǫ/2 for all times t ∈ R. A similar argument shows that if x(0) = ǫ and 0 ≤ ν(0) ≤ δ for some 0 < δ < 1/8, then x(t) < 3ǫ/2 for all times t ∈ R.
Let us now show 1). Without loss of generality assume that inf(B i ) > sup(B j ). Now consider a geodesic γ starting at γ(0) ∈ B i . If γ(t) stays entirely within x ≤ 3ǫ/2 for t ≥ 0, then ν(t) is nondecreasing along γ for t ≥ 0 and it follows that γ(t) is disjoint from B j for t ≥ 0. On the other hand, if γ(t) reaches x > 3ǫ/2 for some t 2 > 0, then it follows that ν(0) < 0, so inf(B i ) < 0. Let (t 1 , t 3 ) be the maximal open interval containing t 2 on which x(t) > 3ǫ/2. Then we have ν(t) ≤ 0 for t ≤ t 1 and ν(t)
Showing 2) is similar. Suppose that inf B i > 0. Then a trajectory γ with γ(0) ∈ B i stays in x ≤ ǫ for all t ≥ 0 and hence is disjoint from U . Similarly if sup B j < 0, trajectories starting in B i stay in x ≤ ǫ for all t ≤ 0. Now consider the case that 0 ∈ B i . Then provided that δ < 1/8 and ǫ is sufficiently small, the second fact above shows that x(t) ≤ 3ǫ/2 for all time, showing that trajectories starting in B i are disjoint from U for all t ∈ R.
In a second Lemma, we complete the adapted covering by covering the region {x ≥ ǫ}.
Lemma 5.2. Let ι > 0 be sufficiently small, in particular smaller than half of the injectivity radius of (M, g), and δ > 0 be small. There exist open sets
Proof. We first cover the set S
By taking r small enough depending only on N , it is also clear that 3) can be obtained. Using the non-trapping assumption, we will prove that 2) is satisfied if r is chosen small enough. Taking δ > 0 small, it suffices to consider the flow on S * M . First, the region {x ≤ ǫ/2}∩S * M is geodesically convex if ǫ > 0 is small enough, then since g is non-trapping, we can define a function z → t(z) on {x > ǫ/2} ⊂ S * M which to a point z assigns the time t(z) > 0 such that x(g t(z) (z)) = ǫ/2, and this function is continuous (t(z) is obtained by applying the implicit function theorem to the function (z, t) → x(g t (z))), which implies that for any compact set K ⊂ S * M ∩ {x ≤ ǫ/2}, there exists T + > 0 such that g t (K) ∈ {x < ǫ/2} ∩ S * M for all t > T + . Similarly there is a T − < 0 so that for all t < T − , g t (K) ∈ {x < ǫ/2} ∩ S * M . Now if such covering D j does not exist, we can construct, using compactness, two sequences of points z n , z ′ n ∈ {x > ǫ/2} both converging to the same point z ∈ {x > ǫ/2} ∩ S * M , and two sequences of times t n ≤ −ι/2, t ′ n ≥ ι/2 such that lim n→∞ g tn (z n ) = lim n→∞ g t ′ n (z ′ n ). Moreover, these times are necessarily bounded by the existence of T ± if K is chosen to be a small ball centered at z. Passing to a subsequence, t n and t ′ n have an accumulation point t ≤ −ι/2, resp. t ′ ≥ ι/2, then we have g t (z) = g t ′ (z), which implies that z is on a periodic geodesic, contradicting the non-trapping assumption.
High energy partition of unity We first note that by [20, Section 2] , the function φ(h 2 ∆) is a semiclassical pseudodifferential operator with symbol φ(|ξ| 2 ). We now choose smooth functions q i for i = 1, . . . , N + N ′ on sc T * M such that
q i = 1 on {(m, ξ); |ξ| 2 ∈ supp φ}. Now we define the operators
where Op h is a semiclassical quantization as explained before. By construction, we have
Let us redefine Q 1 (h) to be Q 1 (h) + R(h), which does not change any microlocal properties of Q 1 (h). Then (Q i (h), (1 − φ)(h 2 ∆)) is a partition of unity. Let us also observe that as the Q i (h) are uniformly bounded as operators L 2 → L 2 , and as they are Calderón-Zygmund operators in a uniform sense as h → 0, then they are uniformly bounded as operators L p → L p for 1 < p < ∞. We shall frequently use the notation Q i below instead of 
Moreover, all but one of the Q i have operator wavefront set WF ′ (Q i ) disjoint from the outgoing radial set {x = 0, µ = 0, ν = +1}, and all but one of the Q i have operator wavefront set WF ′ (Q i ) disjoint from the incoming radial set {x = 0, µ = 0, ν = −1}.
In the first case, one has Q j not outgoing related to Q i , in the second case Q j is not incoming related to Q i , while in the last two cases the microsupports are close one to each other.
Low energy partition of unity For a low energy partition of unity, we can effectively use the low energy partition of unity from [9, Section 6]. For the reader's convenience we describe this here.
We first remark that this partition of unity lives in the calculus of pseudodifferential op- [7] , [8] . This calculus provides a way of defining pseudodifferential operators depending on an energy parameter λ ∈ [0, λ 0 ] in a uniform way as λ → 0 (for some λ 0 > 0 fixed). In view of the choice of Q 0 below, we only describe this here for pseudodifferential operators supported in the set ρ := x/λ ≤ 2ǫ for some small ǫ. Then such pseudodifferential operators can be defined as follows: we see that an operator A, supported where x, x ′ ≤ 2ǫλ, is in this calculus if for each boundary point y 0 ∈ ∂M there is a conictype neighbourhood U with coordinates z : U → R n so that x = |z| −1 such that for all half-densities u|dz| 1/2 , u ∈ C ∞ c (U ) we have
where a is a zeroth order symbol in ζ depending smoothly on (ρ, λ, y) and supported in ρ ≤ 2ǫ. Such operators are uniformly bounded on L 2 ; indeed, they are Calderón-Zygmund operators in a uniform sense as λ → 0 and therefore uniformly bounded on L q as λ → 0, 1 < q < ∞.
For our purposes here, we only need to consider operators of order −∞. The wavefront set WF ′ (A) is then a subset of sc T * ∂M M × [0, λ 0 ] and can be defined either by the vanishing properties of its symbol by analogy with the high-energy case, or equivalently in terms of its microlocal support as in [9, Section 5] .
We first choose Q 0 to be multiplication by the function 1 − χ(ρ), where χ(ρ) = 1 for ρ ≤ ǫ/2 and χ(ρ) = 0 for ρ ≥ ǫ, for some sufficiently small ǫ. Next, we choose Q ′ * such that Id −Q ′ * is microlocally equal to the identity for |µ| 2 h + ν 2 ≤ 3/2, and microsupported in |µ| 2 h + ν 2 ≤ 2. Let Q * = χ(ρ)Q ′ * . Finally, we write Id −Q 0 − Q * = χ(ρ)(Id −Q ′ * ), which has compact microsupport, as a finite sum of operators Q i , 1 ≤ i ≤ N , where Q i is microsupported inB i from Lemma 5.1. Observe that the Q 1 , . . . , Q N satisfy Lemma 5.4. Let ǫ, N and B i be defined in Proposition 5.1. Let j, k ∈ [1, N ], then one of the following alternative is satisfied:
Estimates close to the spectrum
In this section, we prove estimates on the resolvent (∆ − α) −1 for | arg α| ≤ η, where we may take η as small as we like thanks to Proposition 3.1. In this section we use microlocal properties of the resolvent proved in [9] ; these properties which we require here are recalled in Section 6.1 so that no detailed knowledge of Legendre distributions, etc, is required to read this section. However, in the Appendix we give an alternative proof using positive commutator estimates, which avoids all use of Legendre distributions, which may be preferred by some readers.
We first show that the desired estimate in a sector close to the spectrum are a consequence of the estimates on the boundary, thanks to Phragmén-Lindelöf principle. We write it for p = 2n/(n + 2), but the same proof obviously works for p replaced by q ∈ (1, ∞): the growth inside the sector is bounded by the growth on the boundary if that growth is a power of |α| (typically we shall take |α| n(
Proposition 6.1. Let η ∈ (0, π/2) and p ∈ (1, ∞). Assume that we have estimates
on the ray arg α = η, and estimates on the spectrum:
Then there exists C > 0 such that for all α ∈ C satisfying 0 ≤ arg(α) ≤ η, one has
Proof. Let π/2 > η > 0 be fixed and let ϕ, ψ ∈ C ∞ 0 (M ) with ||ϕ|| L p ≤ 1 and ||ψ|| L p ≤ 1. Then we define the function
which is holomorphic in the sector 0 < arg(α) < η. By assumption, there is C > 0 such that
for all α > 0 and for all α ∈ R + e iη . The function F (α) is continuous in U η := {α ∈ C; 0 ≤ arg(α) ≤ η, 0 < |α|} as follows from [14, Prop. 14] . Moreover, [16, Prop 1.27 ] shows that there is C ′ > 0 such that for α ∈ U η , |α| ≤ 1, we have
for some L ≥ 0, while this follows with L = 1 for α ∈ U η , |α| ≥ 1 by [20] . Thus |F (α)| ≤ C ′′ max(|α| −L , |α| −1 ) in U η for some C ′′ > 0 depending on ϕ, ψ. We can apply PhragmenLindelöf for F (e z ) in the half strip {|Im(z)| ≤ η, Re(z) ≤ 0} and we deduce that
This reduces our analysis to estimates on the real line.
6.1. The high frequency estimates. The goal in this subsection is to prove the Proposition 6.2. Let (M, g) be an asymptotically conic manifold with non-trapping geodesic flow. Let A, η > 0, then for p = 2n n+2 and 1/p ′ + 1/p = 1, there exists C > 0 such that for all α ∈ C with |α| > A and ± arg(α) ∈ (0, η),
Remark 6.3. As it will be clear from its proof, the estimate in this Proposition also holds with p replaced by any q ∈ [ 2n n+2 ,
2(n+1)
n+3 ]: there is C > 0 such that
for all α ∈ C with |α| > A > 0 and ± arg(α) ∈ (0, η). We do not discuss the details, this is straightforward.
We turn the problem into a semiclassical problem by setting h = 1/ |α|. Using the microlocal partition of unity i Q i introduced in (32), we see that it suffices to prove for the high-frequency part that for h 0 > 0 fixed there is C > 0 such that
for all β ∈ (1 − δ, 1 + δ), all γ ∈ (0, η), all h ∈ (0, h 0 ), and i, j ∈ {1, . . . , N + N ′ }.
The 'near diagonal' estimate. In Theorem 1.12 in [9, Th. 1.12], we proved that for non-trapping asymptotically conic manifolds, the following holds: 
Now, by Lemma 4.1 and the remark that follows, we obtain the following corollary.
Corollary 6.5. Let N, ι as in Lemma 5.1, let p = 2n n+2 and 1/p ′ + 1/p = 1. If N is chosen large enough and ι small enough, then for all j, k with Q i , Q j satisfying either 3) or 4) in Lemma 5.3, there is C > 0 such that for all β ∈ (1 − δ, 1 + δ) and γ ∈ (0, η)
Using Remark 4.2 after Lemma 4.1 the same estimate with O(h
The 'off diagonal' estimates. For the 'off diagonal' estimates, that is, estimates when (Q i , Q j ) satisfy 1) or 2) in Lemma 5.3, we will obtain the estimates in the case when we are on the spectrum, i.e. to Q i (h 2 ∆ − (β ± i0)) −1 Q j . We use the description of the resolvent kernel as a Legendre distribution as in [8] ; this was based on the high energy construction of the resolvent from [11] . We first recall relevant properties of Legendre distributions needed in our argument. Full details are in the papers [15, 11, 8] . it just looks like the usual cotangent space, with spatial coordinates (z, z ′ ), z ∈ M and dual coordinates (ζ, ζ ′ ), but near the blown-up face we would use spatial coordinates (x/x ′ , x ′ , y, y ′ ) where x/x ′ ≤ C or (x, x ′ /x, y, y ′ ) where x ′ /x ≤ C, and fibre coordinates (ν, µ, ν ′ , µ ′ ). We then introduce the product space M 2 b × [0, h 0 ] and adopt the usual semiclassical scaling. That is, we consider the semiclassical vector fields h∂ z i in M , or hx 2 ∂ x , hx∂ y i as our basic building blocks (since the semiclassical Laplacian h 2 ∆ is an elliptic combination of such vector fields), for which dual vector fields are dx/(x 2 h) and dy i /(xh). Hence we write covectors on
b is a kernel whose microlocal properties are determined by a Legendre submanifold associated to the 'main face' mf := M 2 b × {0}. In fact, it turns out that the restriction of the phase space to {h = 0} is a contact manifold in a natural way, with contact structure given in local coordinates over the interior of mf by −dT + ζ · dz. Then a Legendre submanifold of this space can equivalently (by forgetting the T coordinate) be thought of as a Lagrangian submanifold of T * M 2 and, in terms of this Lagrangian submanifold, a Legendre distribution is precisely a semiclassical Lagrangian distribution associated to this Lagrangian submanifold.
The Legendre submanifold has a continuous extension to the boundary hypersurfaces of the phase space over M 2 b × [0, h 0 ] lying over bf, the left boundary lb and the right boundary rb. In this paper we will focus on the microlocal support of the Legendre distribution, which has components at mf, at bf × [0, h 0 ], and at lb × [0, h 0 ] and rb × [0, h 0 ]; these will be denoted WF
′ rb (F ), and will be described in the following paragraphs. In particular, near a point m ∈ M 2 b × [0, h 0 ] with m ∈ f for some f ∈ {rb, lb, bf, mf}, a Legendre distribution F vanishes to infinite order at the boundary face f if m does not belong to the projection of WF . It is shown in [9] that for F the kernel of the outgoing or incoming resolvent (h 2 ∆ − (β ± i0)) −1 , the microlocal support at mf consists of a diagonal (or pseudodifferential) part together with the forward geodesic flow relation on M :
(z, ζ) lies on the forward (+)/backward (−) geodesic ray starting from (z ′ , ζ), ±T is the (nonnegative) length of this geodesic.
At bf × [0, h 0 ], whose interior can be viewed as (0,
, the microlocal support is the diagonal relation, together with the forward/backward geodesic flow relation on the exact metric cone C(∂M , h(0)) := (R + r × ∂M ; dr 2 + r 2 h(0)), together with a purely incoming/outgoing set:
and there exist (r, r ′ ) such that
x/x ′ = r ′ /r, and (r, y, ν, µ) lies on the forward (+)/backward (−) geodesic ray starting from (r
(note that on an exact cone, there is a dilation invariance which means that only the ratio between the two radial variables r/r ′ , or equivalently only the ratio x/x ′ , is relevant). By (31), the variable ν is monotone along the geodesic. Consequently, we have
, with strict inequalities away from the diagonal.
Finally, the microlocal supports at the left and right boundaries are subsets of sc T * ∂M M × [0, h 0 ] and for the resolvents are given by
For the purposes of this paper, we need to know two properties of the microlocal support. The first is how it behaves under composition with pseudodifferential operators. The following result was proved in [9, Section 7] :
The second fact about the microlocal wavefront set we need is that a Legendre distribution F has trivial kernel, i.e. kernel in
if and only if its microlocal
support is empty. From these statements, it is straightforward to obtain the following result.
Proposition 6.7. Let h 0 > 0, let i, j so that Q i , Q j satisfying 2) in Lemma 5.3, ie. Q i is not outgoing-related to Q j , then for all L > 0, all q, q ′ ∈ (1, ∞) there is C > 0 such that for all β ∈ (1 − δ, 1 + δ) and h ∈ (0, h 0 )
Similarly, if Q j not outgoing related to Q i , then
Proof. For definiteness, we assume that Q i , Q j satisfy 2) in Lemma 5.3, and we prove the first estimate in the Proposition. The other is obtained in exactly the same way. We begin by recalling that by [11, Theorem 1.1], the incoming and outgoing resolvents are a sum of an intersecting Legendre distribution and a Legendre conic pair, so Proposition 6.6 applies. Property 2) in Lemma 5.3 together with (36) and the first line of Proposition 6.6 implies that WF
is empty. Similarly, property 2), (37), (38) and the second line of Proposition 6.6 shows that WF ′ bf (Q i (h 2 ∆−(β +i0)) −1 Q j ) is empty. Finally, given the last statement in Lemma 5.3, we see that Q i has operator wavefront set disjoint from the outgoing radial set, and Q j has operator wavefront set disjoint from the incoming radial set (otherwise property 2) could not be satisfied). Hence, using (39) and the last two lines of Proposition 6.6, WF
It follows that the kernel of
The estimate now follows trivially.
Finally, we obtain Corollary 6.8. Let N, ι as in Lemma 5.1 and let φ be as in Section 3. If N is chosen large enough and ι small enough, then for all j, k with Q i , Q j satisfying either 1) or 2) in Lemma 5.3, there is C > 0 such that for p = 2n n+2 with 1/p + 1/p ′ = 1 and all β ∈ (1 − δ, 1 + δ),
Proof. Since Q i and Q j are zeroth order pseudodifferential operators, they are bounded on L p uniformly in h. Hence, using (15), we see that
Then, if (Q i , Q j ) satisfy 2), we see from Proposition 6.7 and (40) that
Now using the uniform boundedness of Q i , Q j on L q spaces again, Corollary 3.2, and Proposition 6.7, we see that
Combining (41) and (42) we see that we also have
(where we have the incoming resolvent instead of the outgoing resolvent as in (41)). The same argument (with incoming and outgoing reversed) works for Q i , Q j satisfying 1).
Proof of Proposition 6.2. Now Corollary 6.5 and 6.8 together prove (34) which in turn proves Proposition 6.2 6.2. Low frequency estimates. Here we use the low frequency partition of unity from Section 5.2, and deduce estimates for the L p to L p ′ norm of (∆ − α) −1 for Re α ≤ C.
The 'near diagonal' estimate. The estimate (21) is proved in [9, Th. 1.12], and Lemma 4.1 finishes the proof for the near diagonal terms
The 'off diagonal' estimate. To prove the low energy off diagonal estimates, we begin by noting that thanks to Proposition 6.1 it is only necessary to prove the estimate on the spectrum, that is, for (∆ − β ± i0) −1 for 0 < β < C; we often write β = λ 2 , where λ > 0. Here we use the microlocal structure of the low energy resolvent as proved in [8] ; the argument is entirely analogous to the argument in the high energy setting, with the main difference being that the low energy resolvent has polyhomogeneous expansions as λ → 0, as opposed to the high energy resolvent which is oscillatory as h → 0. Let us recall that the low energy space introduced in [7] and used in [8, 9] 
For the low energy resolvent, we need to keep track of the microlocal support, which lives at bf, lb and rb only and is given by (37), (39), together with the order of vanishing at λ = 0, i.e. at zf, lb 0 , rb 0 and bf 0 . We have the analogue of Proposition 6.6 for zeroth order pseudodifferential operators Q, Q ′ in the low energy case (see [9, Section 6] ), together with the fact that QF Q ′ is conormal at each boundary hypersurface at λ = 0, with the same order of vanishing there as F .
Proposition 6.9. Let (Q 0 , Q * , Q 1 , . . . , Q N ) denote the low energy partition of unity constructed in Section 5. Suppose that Q i , Q j satisfy 2) in Lemma 5.4, ie. Q i is not outgoingrelated to Q j . Then there is C > 0 such that for all 0 < β = λ 2 < C,
Remark 6.10. We can replace p by any q ∈ [1, 2n/(n + 1)) here, and then the right hand side becomes |β| n(1/q−1/2)−1 .
Proof. In this proof, it will be convenient to use the following terminology: we will call a kernel 'acceptable' if it is bounded by a constant times
A straightforward computation shows that this kernel has uniformly bounded L p ′ norm on M × M (recall that the measure looks like x −(n+1) dx dy in each factor of M , for small x). Therefore, any acceptable kernel is uniformly bounded as a map
n+3 ], and 1/q + 1/q ′ = 1, the norm is O(λ 2n(
The resolvent kernel vanishes to order 0 at the zf face and order n − 2 at all the other boundary hypersurfaces at λ = 0 [8, Theorem 3.9] (note that in [8] , we have ν 0 = n/2 − 1; also note that the density half-bundle in Theorem 3.9 differs from the Riemannian density bundle by factors of ρ
). Moreover it vanishes to order (n−1)/2 at the left and right boundaries. Note that in our partition Q(∆ − β ± i0) −1 Q ′ , only the term Q 0 (∆ − β ± i0) −1 Q 0 has support meeting the zf face and is a 'near-diagonal' term, so in analyzing the off-diagonal terms we can ignore the vanishing order at this face; all off-diagonal terms are O(λ n−2 ) at λ = 0.
Consider first the compositions Q 0 (∆−β ±i0) −1 Q ′ and Q ′ (∆−β ±i0) −1 Q 0 , where Q ′ = Q 0 . These kernels vanish in a neighbourhood of bf. Thus, we are only left with the expansions at the left or right boundaries, together with the hypersurfaces at λ = 0 excluding zf. Observe that (1 + λ/x) −1 is a product of boundary defining functions for bf and the left boundary, while (1 + λ/x ′ ) −1 is a product of boundary defining functions for bf and the right boundary. Since the kernels Q 0 (∆ − β ± i0) −1 and (∆ − β ± i0) −1 Q 0 vanish to order (n − 1)/2 at the left and right boundaries, to order λ n−2 at λ = 0 and to infinite order at bf, they are bounded by a constant times (44) and hence acceptable. Also, as noted in [9] , the operators Q * and Q i are bounded on L q uniformly in λ, for 1 < q < ∞, so we see that all terms Q 0 (∆ − β ± i0) −1 Q j and Q j (∆ − β ± i0) −1 Q 0 , j ∈ { * , 1, 2, . . . , N }, are uniformly bounded from L p to L p ′ .
Next consider the terms Q * (∆ − β ± i0) −1 Q ′ and Q ′ (∆ − β ± i0) −1 Q * . We use Proposition 6.6 to see that this form of sandwiching of the resolvent wipes out the piece (L bf ) ′ ± of the microlocal support completely, so the microsupport is contained in the diagonal (only possible for Q ′ = Q 0 ) together with the left or right boundaries. Correspondingly, this term is the sum of a pseudodifferential operator in the calculus Ψ 0 k (M, Ω 1/2 k,b ) plus an acceptable term, both of which are uniformly bounded on L p .
Finally we consider terms of the form Q i (∆ − β + i0) −1 Q j where i, j ≥ 1 and where Q i is not outgoing-related to Q j . Using Proposition 6.6, this sandwiching of the resolvent again wipes out the piece (L bf ) ′ ± of the microlocal support completely, so again the microsupport is contained in the left or right boundaries. Hence these terms are acceptable and uniformly bounded on L p .
The low-energy estimates are completed by proving the analogue of Corollary 6.8 in the low-energy setting. Since the argument is identical to the high-energy case, we omit the details.
Lemma A.3. Let (M, g) be an aymptotically conic manifold and assume an a priori tempered estimate (46) for the resolvent. Let
Both these lemmas are proved in a very similar manner to the argument in [20, Section 3] . Lemma A.3 is proved in [3, Lemma 2] when A 1 , A 2 have compact support and when g is non-trapping. Because of this, we will only give the main arguments in the proof and we refer to these articles for details.
Remark A.4. By sacrificing one factor of h in (47), we can change the norm on the left hand side to the x K H 1 (M ) norm. Then Lemma A.3 and the Sobolev embedding H 1 ⊂ L p ′ give another proof of Proposition 6.7.
Proof of Lemma A.2. We only prove this lemma for (h 2 ∆−1+iγ) −1 , the other case is similar. Note that it is sufficient to prove a dual statement: that is, to show that the operator
The rest of the proof is devoted to proving (48). We first divide A into an elliptic part and a propagating part. Choose a smooth function ψ of a real variable, equal to 1 in the interval [1 − δ/2, 1 + δ/2] and supported in [1 − δ, 1 + δ] for sufficiently small δ > 0. We decompose A * = A * (Id −ψ(P )) + A * ψ(P ), and call the first term the elliptic part. As a pseudodifferential operator A * is uniformly bounded on weighted L 2 spaces. Also, using Lemma 2.2 of [20] we see that (1 − ψ(h 2 ∆))(h 2 ∆ − (1 + iγ)) −1 is bounded uniformly on weighted L 2 spaces. This shows that the elliptic part satisfies (48).
We first note that it is easy to prove (48) if the wavefront set of A is disjoint from the characteristic variety of h 2 ∆ − 1, just using elliptic estimates. Thus we may assume that A is microsupported near the characteristic variety, given by {|ζ| g = 1}, or {ν 2 + |µ| 2 h = 1} near the boundary. The result is also trivial if A * is microsupported in {x ≥ x 0 > 0}. Due to the assumption that A * is microsupported away from the outgoing radial set {ν = 1, µ = 0}, we see that it suffices to prove the Lemma under the following two additional hypotheses, which we record for later use:
where φ is a function similar to ψ above, equal to 1 near 1 but supported on [1 − 2δ, 1 + 2δ]. Notice that φ(h 2 ∆) ∈ Ψ −∞,0,0 (M ) and has principal symbol φ(p), see [20, 4] . Under this assumption for the remainder of the proof, we begin by proving (48) for K = −ǫ, ǫ > 0 small. So we take f ∈ x 1−ǫ L 2 (M ). Let ρ, ρ ∈ C ∞ 0 (R) be non increasing, equal to 1 near 0 and 0 in [x 0 , ∞) for some small x 0 > 0, and with ρ ρ = ρ. Let χ ∈ C ∞ (R) be non-increasing, with χ ′ ≤ −c 1 χ, positive in ] − ∞, ν 0 ] and 0 in [ν 1 , ∞) for some 0 < ν 0 < ν 1 < 1 both close to 1 and some c 1 > 0 large. Let φ ∈ C ∞ 0 (R) equal 1 near 1 and φ φ = φ. It suffices to prove the Lemma for A * = Op h (a) with a = ρ(x)χ(ν) φ(p).
Following Section 4 [20] , there exists a real valued symbol such that
and such that there exists C 0 > 0 such that
It suffices to take q := x − 1 2 +ǫ ρ(x) φ(p)χ(ν) and use the identity for α ∈ R (52)
Let Q = Op h (q), and B = Op h (b). It follows that, with P := h 2 ∆, we have
and u := (P − (1 + iγ)) −1 f . We then follow the argument of [20, Section 3] to deduce
It follows from (53) that we have
We estimate
Using that Q ∈ Ψ −∞,− 1 2 +ǫ,0 (M ), we find that (for small ǫ)
Next we use (50) and the sharp Garding inequality [20, Lemma 2.1]to deduce that as operators,
We also use (51) and sharp Garding to deduce
. By (46) and the compact support of (1 − ρ(x)), we also have
We combine this with (54), (55), (56) and (59) to deduce
We insert this in (57) and use again (60)to find that
The terms involving R and R j can be estimated by Ch −2J f x 1/2+ǫ L 2 , using (45) again and the fact that R ∈ Ψ −∞,1+2ǫ,0 (M ) . Thus this proves the claim since obviously ||(1 − ρ)x ǫ A * u|| L 2 is estimated by Ch −J ||f || x 1/2+ǫ L 2 by (60) and the fact that (1 − ρ(x)) has compact support. That is, we have shown that
, which proves (48) for K = −ǫ, ǫ > 0 small. Now to prove for larger values of K, we proceed by induction. Given (48) for a particular value of K, we prove true for K + l, where 0 < l ≤ 1/2. To do this, we now let f ∈ x K+1+l L 2 (M ) and as before we find a symbol (63) q ∈ S −∞,−K−1/2−l,0 (M ) such that H p (q 2 ) = −bψ(p) 2 with bρ 2 (x) ≥ c 0 x −2K−2l a 2 ρ 2 (x).
and for which there is a constant C 0 > 0 with (64) C 0 a 2 ρ 2 (x) ≥ x −2K−1−2l q 2 ρ 2 (x).
Then we have (53) where now R has order −2K + 1 − 2l ≥ −2K. We follow the line of argument above until (56) which is replaced by (65)
since now Q has order −K − 1/2 − l. We replace the sharp Garding inequality by (66) ρ(x)φ(P )Bφ(P )ρ(x) ≥ φ(P )Aρ 2 (x)x −2K−2l A * φ(P ) + hR 1 , and (58) by
where the R j ∈ Ψ −∞,−2K−2l+1 (M ). Since −2K + 1 − 2l ≥ −2K, using the inductive assumption u ∈ h −J x −K L 2 uniformly shows that the R and R j terms can be controlled as above. Then the rest of the argument proceeds as above to yield
, which proves (48) for K + l. Thus, starting from K = −ǫ, a finite number of iterations gives (48) for any K > 0.
Proof of Lemma A.3. This lemma is proved in a very similar way. Again we easily deal with the case that the microsupport of A 1 is disjoint from the characteristic variety, and reduce to the case where A 1 satisfies conditions (49). We proceed by induction. Lemma A.2 gives a starting point for the induction: we can take L = −J and K = −K ′ − 1. Now assume that the have the result for some (K ′ , L). We wish to show that the conclusion is valid for (K + 1/2, L + 1/2). Take f ∈ x −K ′ L 2 (M ) and it suffices to assume that A i = Op h (a i ) with a 1 , a 2 ∈ S −∞,0,0 (M ).
Assume, following [20] , that we have a symbol and q = 0 on all points outgoing-related to supp a 2 .
where φ is like in the previous Lemma. The construction of the symbol is explained later. As a consequence of (68), we can find quantizations Q, B of q, b respectively, such that i[Q * Q, P ] = hφ(P )Bφ(P ) + h 2 R, with R ∈ Ψ −∞,−2K,0 (M ) and such that (69) the microsupports of Q, B and R are not outgoing-related to that of A 2 .
We write v = (P − (1 + iγ)) −1 A 2 f and use the identity
We then apply very similar arguments to those in [20] and the previous lemma to deduce that (70) h v, φ(P )Bφ(P )v ≤ 2 v, Q * Q(P − (1 + iγ))v + h 2 v, Rv .
The first term is estimated as follows: we write (P − (1 + iγ))v = A 2 f and estimate for N large v, Q * Q(P − (1 + iγ))v ≤ h N x N Qv h −N x −N QA 2 f .
Since WF ′ (Q) ∩ WF(A 2 ) = ∅, QA 2 v is O(h ∞ ) in any weighted space so the second norm is bounded by C f x −K ′ L 2 . The first term is controlled by Lemma A.2. Thus we find that
Next we use (68), the sharp Garding inequality, and (49) to deduce that as operators, φ(P )Bφ(P ) ≥ A * 1 x −2K−1 A 1 + hR 1 for some R 1 ∈ Ψ −∞,−2k,0 (M ). Therefore
Combining this with (70) and (71), we find that
Let us explain briefly how to deal with the R term (the R 1 term is similar): from (69) we can rewrite v, Rv = R 2 v, R 3 v for some R 2 , R 3 ∈ Ψ −∞,−k,0 (M ) with microsupport not outgoing related to A 2 , and then using the induction assumption, we see that this term is bounded by Ch 2L f 2 x −K ′ L 2 . We conclude that
This completes the inductive step, and thus proves the Lemma. Now we discuss the construction of the symbol. It suffices to do this assuming that A 1 is microsupported in an arbitrarily small neighbourhood of a point ξ 1 ∈ sc T * M . It also suffices to assume that the microsupport of A 2 is contained in an arbitrarily small neighbourhood of the characteristic variety {ν 2 + |µ| 2 = 1}, otherwise we are in the easy elliptic case. Using the hypothesis that WF ′ (A 2 ) is disjoint from the incoming radial set, this allows us to assume without loss of generality that (72) ν ≥ ν 0 > −1 on WF ′ (A 2 ).
First assume that ξ 1 is in the incoming radial set {x = 0, µ = 0, ν = −1}. Then using (72) we can use a symbol q of the form On the other hand, suppose that ξ 1 is not in the incoming radial set. By hypothesis is it also not in the outgoing radial set, so the Hamilton vector field x −1 H p is nonzero at ξ 1 . We may therefore choose coordinates in sc T * M , valid in a small neighbourhood of the integral curve of x −1 H p through ξ 1 , in the form (Ξ, t), Ξ ∈ R 2n−1 , t ∈ R such that ξ 1 = (0, 0) and x −1 H p = ∂ t in these coordinates, i.e. Ξ is constant along integral curves. We can then find a function of the form q ′ 1 = χ(t)φ(Ξ), where χ(t) is nonnegative, strictly positive on (−∞, t 0 ), t 0 > 0 and zero on [t 0 , ∞) and φ ∈ C ∞ c (R 2n−1 ) with φ(0) = 1. Then x −1 H p (q ′ 1 ) is nonpositive, and strictly negative at ξ 1 . Since ξ 1 is not outgoing-related to the microsupport of A 2 , by choosing t 0 small and the support of φ sufficiently close to 0, we can ensure that the support of q ′ 1 is disjoint from WF ′ (A 2 ). Also, since ξ 1 is not backward-trapped, if the support of φ is sufficiently close to 0 then all integral curves in supp φ tend to the incoming radial set as t → −∞. So we modify q ′ 1 to q 1 = q ′ 1 ρ(t 1 − t) where ρ(s) is zero for s ≤ 0, 1 for s ≥ 1, and t 1 sufficiently negative. Notice that q 1 is smooth on sc T * M , and x −1 H p q 1 is strictly negative in a neighbourhood of ξ 1 and nonnegative everywhere except on the support of ρ ′ (t 1 − t) which, for sufficiently negative t 1 , will be arbitrarily close to the incoming radial set. Finally we let q = q 1 + Cq 2 where q 2 is of the form (73) and C is sufficiently large and this satisfies all conditions.
